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“Everything should be made as simple as possible,
but not simpler” - Albert Einstein
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Bead + string (elastic field)

Electric charge + EM field

2-Body system + GR field
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Field doubling at the level of the Action

An effective action for ¢ (kinetic term & source term):

T 1., _
S = Q/dtdeQQSQ—aﬁQ} +2Z/dty¢(x:0)
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Field doubling at the level of the Action

An effective action for ¢ (kinetic term & source term):

T 1., _
S = Q/dtdeQQSQ—aﬁQ} +2Z/dty¢(x:0)

Double the field and the source (Schwinger-Keldysh, Galley)
@ These reflect directed propagation
o Interpretation: "pulling" mirror / radiation "sink"

R A 0
»—>¢ Q—>Q—(3“
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Field doubling at the level of the Action

An effective action for ¢ (kinetic term & source term):

S = T/dtdx{gq'@—qﬁﬂ +2Z/dty¢(x =0)

Double the field and the source (Schwinger-Keldysh, Galley)
@ These reflect directed propagation o ik
o Interpretation: "pulling" mirror / radiation "sink"

R A 0
»—>¢ Q—>Q—(3“

Doubled action:

s[as,g/?;Q,Q}:/dd [52¢ QQ]
/ ;1:[ /dW(w +02) 6 — 21 (y(0) + Wﬂ

EOM found by varying w.r.t. ¢
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Feynman rules

Directed propagator (non-hatted — hatted)

L v i¥ |x—x'|
e c
=G,(x,x) = —c —
(%) iw?Z
:l,/

Source vertex

_Qw

= —iwZyy,
Hatted source vertex

Qo= =+
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A bead on a string - results

Radiation (x > 0)

bu(x) = = cyu e = g(tx) = y(t— )
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A bead on a string - results

Radiation (x > 0)

b = | 1 —erad e = st —y(-5)

Radiation-Reaction effective action
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Frr = = —27y damping
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Electromagnetism in d dimensions
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Electromagnetism in d dimensions

Different, more, or both?

In the right basis, only a little more, and a little different!
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Electromagnetism - intermediate basis (have no fear!)

Multipoles = (solid) spherical harmonics, scalar & vector
dw iw dw i
Aoje = [5m M e A = [32 57 (ko Al )
Jt/r / t/r Le—iwt 0 /dwz 75 0% 4 L?XZEQ) it

STF
:mbmmﬂF,xu4w¢umw "
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Electromagnetism - intermediate basis (have no fear!)

Multipoles = (solid) spherical harmonics, scalar & vector
dw w —iw dw —i
Ay :/EZABTX et | Ag / Z ALwQQXL-‘,-AVNXNQ) wt
r r —iw dw 710.;
3t/ / t/ xle—iwt  J@ / ZJ %L 1 L?XZEQ) ¢
3] 5 S Neasre
Sp. = /drrzz+€1+1{
UJ2 Cy Lw
rer (- ) -

- Qa+1

: Lw 1 cs |1 £ A Lwy/ Lw ?
iwA;L —r7(r 2 r7(r Ag¥)—A;

S s Lw Lw
— [lwAg¥—Ag

]
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Electromagnetism - reduction to gauge invariant fields 1

Scalar field & source:

1 iw C
r _ TH LAty s IAS V _ O. r
Lw — w2 — % |:rg (r ALw) + rl+2 (r ALw) Qd+1 Lw
A = ALY — WAl
: R / 2.2
pSoi= g4 ! LA+ Ao A= T
Lw - Lw wrf‘*‘d‘*‘l A—1 Lw ’ . Cs
Vector field & source:
Lw VX . TVR
A e =L
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Electromagnetism - reduction to gauge invariant fields 2

@ Scalar (“Electric”) field

-1
AR = (e -A)

!
) (rl(A%“’ — iwAé‘“’))
d : ’ ’
Ap e R B O PR S S S R S
= dQA = y Jw N - w
PLw / A+, 13 |:wrd*1(r A_1 (r) n) rrp (r):|
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Electromagnetism - reduction to gauge invariant fields 2

@ Scalar (“Electric”) field

Ak = (- N) T (Al —ieake))

d : ’ ’
Ap  _ . XL ! N 7w o (7
PLrw = /de+1 /+a |:wra*1 (r A le(r) U) r Pw(r):|

@ Vector (“Magnetic”) field

Al = AT/
L g [ v o =
pﬁi\f“ = Zrd+2/JW(r)~ (*(r A v))NXLan+1

gpiaeg 0+ d 204+d+1
0 — Nearzudﬂ ‘Z <w2+8r2 n +d+ 8r> Anrx _pﬁl\fm
’ T
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Electromagnetism - reduction to gauge invariant fields 2

More (2xLxw) fields, but 1d ; Different wave equations

@ Scalar (“Electric”) field

Ak = (- 0) T (Al —ieake))

d : ’ ’
Ap . XL ! N 7w o (7
Prw = /de+1 /+a |:wra*1 (r A le(r) n) r Pw(r):|

@ Vector (“Magnetic”) field

Al = LAGR/r
14 - L=
pﬁﬁ“ = Zrd+2/JW(r)~ (*(r A v))NXLdQ€1+1

sorar L+d 204+d+1
0 =N, arzﬂdﬂ% <°~’2 +07 + ++8r> Ani — ppms
? T
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EM Feynman rules in general d

Directed propagator, from solution of wave equation

L T ~
= GAR/AN (1 ) = 20+ M, a Ry M alwr) B (wrs o

o 0+d d
RE:% RM = 1/RM La=042, M il

Z,& = 22&+1Né a r2(a+]_)
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EM Feynman rules in general d

Directed propagator, from solution of wave equation

L T ~
= GAR/AN (1 ) = 20+ M, a Ry M alwr) B (wrs o
. +d d

d
R = =~ RY = 1/RY, a=(+2, M T

é,& = 22&+1Ng a r2(a+]_)

“Electric” & “Magentic” source vertices

fJ Q) = /er (wr')ppB (1)

- - 1
/dDX/)(i {iwja(wr')Jw()?') R -

r/£+€171

_ y a (r/é+d (wr ))/pw()—(»/):|

fJ = QMM = /dDXJa wr) (+ (r/\JW(r))) kXL 1)
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EM in general d - results

Radiation-Reaction effective action:
Ap Anr

SRR: + ZZQGQ*
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EM in general d - results

Radiation-Reaction effective action:
Ap Anr

SRR: + ZZQGQ*

/ Z QP GA2(0,0) QP + QMM gAvx(0,0) QBEN* | c.c.

L,L/
In even d:
at1 25 AM) a204+d L
/ Z ) “dQ(E) ferQL +“QL O Quw
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EM in general d - results

Radiation-Reaction effective action:
Ap Anr

SRR: + ZZQGQ*

/ Z QP GA2(0,0) QP + QMM gAvx(0,0) QBEN* | c.c.

L,L/
In even d:
at1 25 AM) a204+d L
/ Z ) “dQ(E) ferQL +“QL O Quw
ar 2£+d T BTy (ed-1)

Radiation-Reaction (Self-) Force (on a point-charge in d dimensions)

G _ 08 _ o ():(d-2)
ALD — ~

d— lﬂ ‘ .
= =q I 3)”8 + (6 '1PN'terms) + - - -
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Gravitation - GW from a 2-body system

d,  ~ pv qd
167TG /\/ Rd%x /h,wT ddx

VT =0, guw =nw +huw

(¢ =1, linearized source )
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Gravitation - GW from a 2-body system

1 1
S = — [/=¢gRd% — = [h,,THqd
TZICT AS 2/“ *

VT =0, guw =nw +huw

(¢ =1, linearized source )

The same as EM fields and sources, but different

o Radiation zone: AS?U/M)(I‘) — hgi)/M/T)(I‘) (gauge-invariant fields)

@ System zone: h,, < (gb, Aj, Uij) (NRG fields, Kol & Smolkin *07)
these highlight spatial tensor structure, hierarchy in terms of PN

. N\ 2 . .
ds? = ¢ (dt — Ajdx’)" = e dxl dxd
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Gravitation - 1D reduced action & Feynman rules

Goal - like EM:

SE/M/T) = / Z/df

0,d Re
(th* Lw+cc)]

2€+d+1
PO s <w2+5r2 %+d+13r> e
I
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Gravitation - 1D reduced action & Feynman rules

Goal - like EM:

SE/M/T) = / Z/df

0,d Re
(th* Lw+CC)]

2(’+d+1
PO s <w2+53 %+d+13r> e
I

= Gret( r)=-iGuw 26+d M, 4 d Rg dJa(wr<) }":l;t (wr>)dL1y

= iw ) = _QEZJ
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Gravitation - special case d = 4

No tensor modes!
1 [dw e (oo, 20641) 0N, /M)
Sw/m) = 5/2 Z/ |:R€ 201 1) Re (20 DT E ("J +0; +r3r>th
w E/M
- (h%E/M),]i(w/ )+CC):| )

R = éff(”ﬁ) . e=1(E), e=—1(M)
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Gravitation - special case d = 4

No tensor modes!

1 [dw P e (2 a2 200+1) 0N @/
S(E/M) = 5/2 Z/ |:Rg 2£+1 ||h(E/M) (w +ar + T ar>hLuu

= (TS e

Re:—M(Hl> , €e=1(E), e=-1(M)
-1 14
L " _iGw2ttl ~ .
= G (t'1) = mJu (wr<)hz+%(wr>)R
= iw ) = _QEZJ
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Gravitation - Vertices via zone seperation

Work in radiation zone = eliminate system zone

System zone itself includes non-linear vertices; grouped
together (by PN order)

Radiation-zone vertices defined as
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Gravitation (4d) - results

Slinear = +

- (0 +2) (€+1) 20+1
- /dtz 2£+1H£ 1) Qfiey Qr

AL 920+1~(M)
SRR
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Gravitation (4d) - results

Slinear = +

F—&-l
_ + 2) [(L+1) AL 9041 ()
- /dtz 2£+1 H —1) | Qi QL

AL  a20+1~ (M)
(£+1)Q<M>at U

As promised.
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Gravitation (4d) - results LO
Sro = —G/dt;anE y

° Qg : Mass quadrupole = Burke-Thorne potential & self-force
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Gravitation (4d) - results LO, NLO
. 1 as
Sto = —G/dt 5(;2% a»
° Qg : Mass quadrupole = Burke-Thorne potential & self-force

~ ]_ s . ‘K ik
SLO4+NLO = G/dt [—5Q% Q. QY 189 Ok o7 Q)

o Q};]: : Mass quadrupole (+1PN corrected including first system zone

nonlinear effect: gravitating potential energy, ~ —Gm%mB)

° Qil\j/[ : Current quadrupole

° Ql‘]k Mass octupole
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“Everything should be made as simple as possible,
but not simpler” - Albert Einstein

M :Z@GQ) L F=2

Bead -+ string (elastic field)

§ =

Electric charge + EM field

2-Body system + GR field
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“Everything should be made as simple as possible,
but not simpler”

]

- Albert Einstein

:Z<QGQ> - =5

PN M 1
B g2edqh éQdQ(L 02l
@® * (+1)(£+d-1)

1
G (=) (e+2) |:£+1Q(E o201 QP eiQ )a2£+1Q ]

/Z (26+1)11(¢—1)
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Conclusions

Unified description of different physical systems

Joint analytical Action formulation of radiation & reaction

e EM (ALD): New results in general dimension

o GR:
o Economization of traditional computations
o Nonlinear effects

e Coming soon: leading, +1PN, some +2PN in any dimension
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Questions?

Thank you for your attention

Ofek Birnholtz Bi-group meeting, Humboldt




Image credits

K. Thorne (Caltech) & T. Carnahan (NASA GSFC)

@ MIT OpenCourseWare Electrostatic Visualizations

C. R. Galley, PRL 110 (2013) 17, 174301

W. D. Goldberger & I. D. Rothstein, PRD 73 (2006) 104029
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EM in non-even d

@ In frequency domain - SAME.

@ Transforming to time domain = branch-cut = non-locality

XY WAV ‘

Q)RHIQE) — Q)

(;H(zu—&) H(C+ A)) P2AHQL(t)

/t dt’ 2,Z+dQ( ) ]
- Reg

oo ©
Reg.: Detweiler-Whiting decomposition, generalizes Dirac’s odd propagater
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Gravitation - Full source vertices

m/dSXXL [r ¢ < 425 (r18t)) (T 4 T7)

4 ~ b
s ( 23 ol (nat)) 9y T08x24-2] P! (ridy D2 T*Px*xP+1r2] P! (ridy)02 (TO‘LT%)}
Z (2¢+ 1)1 1+ 8pl+p+1) /d3 82pT00 2p L STE

< (2p)!11(20 + 2p + 1)!! (L+1)(+2)
" STF

+ Z 26+ D 1+ 1p /d3x apraarQI’xL

= (20)11(20 + 2p + )N +1)¢+2)
_ i (25 + 1)” 4 (1 + 2p ) |:/ d3X 82p+1TOar2anL:| STE

= @p)(20+2p+ 1) £+ 1 042 ®
N i (2¢+1)n 2 /d3X82p+2Tabr2anbL STE

= (2p)1(20 +2p + I (£ +1)(€+2) v

g e (g o) (20 (00)) ot

_j@% (riBt) 26k@baatTachcL71 }
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Origin-normalized Bessel functions

From Bessel’s functiosn B, = {Ja, Yo, HE Y,

B = (o 120 2o

XO{

They satisfy

{aﬁ Rty 1} Bo(x) = 0

ja in the vicinity of the origin x = 0 is given by

(2p ) 2p+2a)

The outgoing waves at x — oo are h* =7 +iy:
2a+1/2r(a + 1) etix

ﬁ Xa+1/2

B () ~ ()12
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Singular origin-normalized Bessel functions

Around x = 0 the Bessel function of the 2nd kind for « non-integer is

M+ 1)2% cos(am)Jo(x) — J_a(x)
X sin(onr)

Falx)

(a4 1)2* i x?P cos(ar)  20x7
N s1n(a7r (2p ) o 22Tp+a+1) T(p—a+1)

while for integer o = n,

n

Fulx) = ~2(2n)H! Z ((2m -2l oy %ln (g) §()

7 A= (2n—2m)!!
n)! o —)k
_ (@t g[w(k+1)+¢(n+k+1)] (2k)”((2n)+ 2k)”x2k

where (N 4 1) = H(N) —  is the digamma function, defined using
the Harmonic numbers H(N) and the Euler-Mascheroni constant +.
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Effective Field Theory description of GR

For example, Einstein-Infeld-Hoffmann Lagrangian

v0 vl
1 T T T
| | |
| | |
@@: | I
T | |
| | |
9 i " i
0 vl 0
l T
| 7/ \
| / Ay
/ \
A 7/ Ay
RN
’ N / \
s N / AY
2 4

Figure from W. D. Goldberger and I. D Rothstein, PRD 73 (2006) 104029
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Hatted variables - interpretation

Doubling the fields effectively “mirrors” them.

\ \ Hatted fields "pull" from the mirror’s surface,
absorbing radiation from the original fields.

_ 8 [ OEOM(x) o
‘6¢(x)‘/d Sa(y) )~ P)

° qg satisfies an equation for linearized deviations from the
background ¢ with a source p and reversed propagation.
o In the absence of its source ¢ vanishes, namely

@ ¢, p are physical observables, unlike b, p.
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Field doubling

@ Problem: Action formalism not compatible with
non-congervative effects.

e Solution: Field Doubling (QFT: in-in/CTP, Schwinger '61;
Classical version: Galley 2012, 2013).

S := S[a1] — Sqz]

t=1y
n L]
9
RS A A
Y /SN
t=1t; &
ffz:‘ f}lf

Figure from C. R. Galley, PRL 110 (2013) 174301
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Field doubling

o Keldysh representation:

L
Qi=atg
L
W@ i=d- 54

@ § is deviation from physical trajectory. Expand:

A 0S 183
S:=S[q] - S[ae]=—d4+-—3a + ...

[a1] — S[az] 5 T T
o In classical setting (“physical condition” < q; = q2) only

terms linear in § survive.

Ofek Birnholtz Bi-group meeting, Humboldt




Field doubling

o In our problem:

~ n S - oS
S06.01 = 8068071 = [ s [ s 060+ 5 )
o EOM:
58
52 0

e Propagators are directed (retarded/odd).
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GR - NLO details

~ 1 as . 4 A y 1 g ik
S= [ar |- 5eal - L0k 0Pl + g QalQ]

. 2 3, mg 4, , 11 5, i Lo
Y= ZmA 1+§V —T—gat(v'x)"‘ﬁatx XX_§5X
A A

A=l
i : oo onig]™
M= [m (X x V) X]A
A=1
2
ijk ij k\TF
E (mXXX)A
A=1
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